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Abstract
We consider the propagation of Gaussian beams
in a waveguide with gain and loss in the paraxial
approximation governed by the Schro¨dinger equa-
tion. We derive equations of motion for the beam
in the semiclassical limit that are valid when the
waveguide profile is locally well approximated by
quadratic functions. For Hermitian systems, with-
out any loss or gain, these dynamics are given by
Hamilton’s equations for the center of the beam and
its conjugate momentum. Adding gain and/or loss
to the waveguide introduces a non-Hermitian com-
ponent, causing the width of the Gaussian beam to
play an important role in its propagation. Here we
show how the width affects the motion of the beam
and how this may be used to filter Gaussian beams
located at the same initial position based on their
width.
1 Introduction
While quantum dynamics is in general very differ-
ent from classical dynamics, for short times ini-
tially Gaussian wave packets stay approximately
Gaussian and follow classical trajectories. This has
been shown by Hepp and Heller using the fact that
Gaussian states stay exactly Gaussian for harmonic
Hamiltonians, and Taylor expanding more general
Hamiltonians up to second order around the cen-
tre of the wave packet [1] (see also [2] for a review
on the properties and dynamics of Gaussian wave
packets) . As long as the wave packet stays well lo-
calized compared to the scale on which the higher
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order terms in the Taylor expansion of the Hamilto-
nian are negligible this is a good approximation. It
is also the main ingredient of more powerful meth-
ods to approximate dynamics in the deep quantum
regime such as the frozen Gaussian propagator and
the method of hybrid mechanics [3].
There are many analogies between the wave na-
ture of light and the quantum mechanical wave
function. In particular, the propagation of light
in wave guides in the paraxial approximation is
described by a time-dependent Schro¨dinger equa-
tion (where the propagation direction acts as time).
This has led to spectacular demonstrations of quan-
tum dynamical effects, as well as to new applica-
tions in optics (see, e.g. [4] and references therein).
In recent years, there has been a surge of interest in
optical waveguides with gain and loss, mimicking
non-Hermitian, and in particular PT -symmetric
[5], quantum systems [6]. It is an interesting ques-
tion what might be the fate of initial Gaussian
wave packets in the limit of large locally approx-
imately harmonic potentials in the spirit of Hepp
and Heller. In [7] this question has been investi-
gated, and a new type of classical dynamics guiding
the centers of Gaussian wave packets has been de-
rived. In this dynamics the changing shape of the
wave packet couples back into the dynamics of the
centre. That is, even in the limit where the beam
width is completely negligible compared to the ex-
ternal potential and where the dynamics is accu-
rately described by the Gaussian approximation,
there are many classical trajectories for a given set
of initial position and momentum, depending on
the width of the wave packet.
Here we review the approximation and give ex-
plicit equations of motion for the special case of
a Hamiltonian with complex potential, and inves-
tigate the resulting dynamics in an example of a
PT -symmetric multimode waveguide. The approx-
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imation accurately describes the propagation and
effects such as the typical power oscillations in PT-
symmetric systems if the potential is chosen large
enough compared to the beam width associated to
the ground state. We demonstrate how the shape
of the beam affects the propagation, and how this
might be used as a filtering device.
2 Gaussian beams in the
paraxial wave equation
For simplicity we consider the propagation of light
in a two-dimensional waveguide where the (com-
plex) refractive index n is constant along the z-
direction and varies along the x-direction. The re-
sults are straight forwardly generalised to higher
dimensions and refractive indices that are modu-
lated in z-direction as well.
In the paraxial approximation the propagation
of the electric field amplitude ψ is described by the
Schro¨dinger equation
i~
∂ψ
∂z
= − ~
2
2n0
∂2ψ
∂x2
+ V (x)ψ, (1)
where ~ := λ2pi , and λ is the wavelength, and where
the effective potential
V (x) =
n20 − n2(x)
2n0
≈ n0 − n(x) (2)
is approximately given by the refractive index pro-
file n(x) of the waveguide, where n0 is the reference
refractive index of the substrate. Without loss of
generality we use rescaled units with n0 = 1 = ~ in
what follows.
We consider the propagation of an initial Gaus-
sian beam of the form
ψ(x, 0) =
(
Im(B0)
pi
) 1
4
ei(
B0
2 (x−q0)2+p0(x−q0)), (3)
where q0 ∈ R is the position of the center of
the beam, p0, the expectation value of the quan-
tum momentum operator, describes the angle of
incidence, and B0 ∈ C encodes the shape of the
beam. In particular it holds ∆q0 =
1√
2 ImB0
, and
∆p0 =
|B0|√
2 ImB0
, and we demand Im(B0) > 0 such
that the wave packet is normalisable.
-15 -10 -5 0 5 10 15
x
-10
-5
0
5
10
V
(x
)
-30 -20 -10 0 10 20 30
x
-50
-25
0
25
50
V
(x
)
Figure 1: Real (solid blue lines) and imaginary (dashed ma-
genta lines) parts of the potential (7) with γ = 1, ω = 1,
and η = 5 (on the left) and η = 10 (on the right). The
imaginary part is scaled up by a factor of two, to make it
more visible. For comparison we also show the probability
distribution of a Gaussian beam with B = i, corresponding
to the width of the approximate ground state of the real part
of the potential.
In the spirit of Hepp and Heller we make a Gaus-
sian ansatz for the propagated beam
ψ(x, z)=N(z)
(
Im(B(z))
pi
) 1
4
ei(
B(z)
2 (x−q(z))2+p(z)(x−q(z))+α(z)),
(4)
with q(z), p(z) ∈ R, B(z) ∈ C. Here N(z) ∈ R
denotes the norm, and α(z) ∈ R is an additional
phase. We Taylor expand the potential around the
center q(z) of the wave packet and equate terms of
the same orders of (x− q) to find the dynamical
equations for the parameters [7]
p˙ =− V ′R(q) +
Re(B)
Im(B)
V ′I (q),
q˙ =p+
1
Im(B)
V ′I (q),
B˙ =−B2 − V ′′R (q)− iV ′′I (q),
N˙ =
(
1
~
VI(q) +
1
4 Im(B)
V ′′I (q)
)
N,
α˙ =p q˙ − p
2
2
− VR(q)− 1
2
Im(B).
(5)
Here VR and VI denote the real and imaginary part
of the (negative) refractive index, respectively. The
dot denotes a derivative with respect to z, and the
prime a derivative with respect to q. To keep the
notation compact we have dropped the explicit de-
pendence on z of the parameters, and we shall con-
tinue to do so in what follows.
The first two equations in (5) are the generalisa-
tions of the standard Hamilton’s equations for the
dynamics of the position and the momentum to sys-
tems with gain and loss. In stark contrast to the
2
well-known conservative case these equations de-
pend explicitly on the time-dependent parameter
B that describes the shape of the Gaussian beam
and whose dynamics is governed by the third equa-
tion in (5). The remaining two equations describe
the dynamics of the overall norm and an additional
phase, and can be trivially integrated once the first
three equations are solved. In the present paper
we shall not be concerned with the dynamics of the
phase α.
We can eliminate p to derive a second order
differential equation for the position of the wave
packet center
q¨ = −V ′R(q) +
Re(B)
Im(B)
V ′I (q) +
1
Im(B)
V ′′I (q)q˙, (6)
that couples to the dynamical equation for the
width parameter B, and both in turn determine
the dynamics of the norm N . Since the approxi-
mation relies on the Gaussian to be well localized,
the imaginary part of B encodes the reliability of
the approximation. In what follows we shall con-
sider an example of a model for a PT -symmetric
waveguide to demonstrate the quality of the ap-
proximation for initial Gaussian states, as well as
the influence of the beam shape on the propagation.
3 Gaussian propagation in
a waveguide with PT -
symmetric gain-loss profile
We consider the complex potential
V = −
(
1− iγ
η
tanh
(
x
η
))
η2e
−ω2x2
2η2 (7)
as a model for a multimode waveguide with PT -
symmetric gain-loss profile. The parameter η de-
termines the scale of the potential, which extends
further and is deeper for larger values of η. Thus,
the larger the value of η, the more classical (i.e.
described by equations (5)) we expect the propa-
gation of Gaussian states to be. The strength of
the loss-gain profile is described by the parameter
γ. Close to the origin the real part of the potential
is approximately harmonic with frequency ω inde-
pendently of the value of η. Thus, the fundamental
mode of the real part of the potential is approx-
imately a Gaussian state with B = iω, i.e., with
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Figure 2: Renormalized beam propagation in the Gaussian
approximation (left) and for a numerically exact propagation
using the split-operator method (right) for p0 = 0, B0 = i
and different values of q0 and η (q0 = 1 and η = 5, q0 = 2
and η = 10, q0 = 3 and η = 15, and q0 = 1 and η = 15
respectively, from top to bottom).
width ∆q = 1√
2ω
, which provides the natural length
scale on which the potential should be locally well
described by the second order Taylor expansion for
the Gaussian approximation to be valid. Figure 1
depicts the real and imaginary part of the potential
for γ = 1 and ω = 1 for two values of η. For com-
parison the intensity profile for a Gaussian beam
with B = i is also depicted.
To illustrate how the Gaussian approximation
improves with increasing η we show examples of
the propagation in the approximation as well as
the numerically exact solution of the Schro¨dinger
equation (using a split-operator method) in Figure
2 for three different values of η for B0 =
i
2 , p0 = 0
and initial positions slightly off the central axis.
We have chosen a value of the width that is differ-
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Figure 3: Gaussian approximation (solid blue lines) and ex-
act quantum propagation using the split-operator method
(dashed magenta lines) for the mean position (left) and the
norm (right) for the same parameters as in figure 2.
ent from that of the coherent state of the harmonic
approximation around the origin, such that there
is a stronger contribution from the width. Since
the potential is not completely scale-invariant with
respect to η we cannot directly compare the prop-
agation for different values of η and correspond-
ing initial values of q0. To provide an overview
we show three examples with different values of η
for the same value of q0η as well as a fourth exam-
ple with a large value of η where the initial value
of q0 is chosen the same as for the example with
the smallest value of η. Figure 3 depicts the cor-
responding propagation of the mean values of the
position and the norm. It can be observed that
while the Gaussian approximation becomes more
accurate for larger values of η as expected, it al-
ready qualitatively captures characteristic features
of the evolution even for relatively small values of
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Figure 4: The top row shows the (renormalised) propagation
in the Gaussian approximation for η = 10, B0 = i, p0 = 0,
and q0 = −4 on the left in comparison to the Gaussian
approximation for the equivalent Hermitian system on the
right. The second row shows the same propagations for B0 =
i
2
. The bottom left figure shows the comparison between
the mean position in the presence (solid blue line for B0 = i,
solid magenta line for B0 =
i
2
) and absence (dashed black
line) of gain and loss, corresponding to the figures in the top
two rows. The right figure on the bottom shows the norm
of the propagated beam in the presence of gain and loss for
B0 = i (blue) and B0 =
i
2
(magenta).
η. We shall return to a more detailed analysis and
explanation of some of these features later. In the
following we shall focus on the case η = 10, where
we expect the Gaussian approximation to make rea-
sonable predictions for propagation distances of the
order of a few oscillations.
Figure 4 shows the Gaussian approximation for
the propagation of initial Gaussian beams with
B0 = i as well as B0 =
i
2 and a relatively large ini-
tial displacement from the central axis of q0 = −4
(i.e. in the loss region) in comparison to the prop-
agation of the same initial beam in the absence of
loss and gain, i.e. for γ = 0. The corresponding
mean positions are depicted in direct comparison
in the lower left panel of the same figure. The dom-
inant feature in the beam propagation even in the
presence of gain and loss in the current example are
the oscillations due to the real part of the potential.
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Figure 5: Same as figure 4, however, for q0 = −1.
We note a reduction of the symmetry and modula-
tions on top of the periodic oscillations induced by
the loss-gain profile, partly related to the fact that
the varying width of the wave packet influences the
central motion. The norm of the propagated beam
depicted in the lower panel on the right, however, is
strongly influenced by the gain and loss, and shows
pronounced modulations as the beam oscillates be-
tween the loss and the gain regions. The difference
between the two initial widths is only a quantita-
tive one here. We have found the Gaussian ap-
proximation to be in good correspondence with the
numerically exact propagation for the propagation
distance depicted here.
From equations (5) we expect the influence of
the gain-loss profile on the beam propagation to be
most pronounced where its first derivative with re-
spect to the transversal coordinate is largest, that
is near the origin in our example. This can already
be observed in figures 2 and 3 where the propaga-
tion for the smallest values of q0 shows the most
pronounced modulations. Figure 5 shows the same
comparisons as Figure 4, however, for a smaller ab-
solute value of q0. We observe that while the dif-
ferences induced by the gain-loss profile are more
pronounced than for the larger initial value of q0 for
both B0 = i and B0 =
i
2 , in the second case there
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Figure 6: (Renormalized) beam propagation in the Gaus-
sian approximation for η = 10, p0 = −1, q0 = 0 and three
different values of B0 (B0 =
i
2
at the top, B0 = i in the
middle, and B0 = 2i on the bottom.). The left panel depicts
the beam propagation, the right panel the norm. At the
bottom we show the mean value of the position q(z) (solid
lines) in the Gaussian approximation against the exact val-
ues computed via the split operator method (dashed lines)
for B0 = i (black),
i
2
(blue) and 2i (magenta).
are more striking differences developing. These are
due to the modulations in the width parameter
that are also present in the corresponding Hermi-
tian case, but do not influence the central motion
in that case.
In Figure 6 we depict another example where
the difference in the initial width leads to drastic
differences in the propagation, while all cases are
well described by the Gaussian approximation (as
can be seen by the direct comparison of the cen-
ter propagation depicted at the bottom of the fig-
ure). In the right panel we depict the propagation
of three Gaussian beams with the same initial val-
ues of position and momentum, but different initial
5
widths. The right column shows the corresponding
norm propagations. The initial momentum is non-
zero (p0 = −1), nevertheless, for B = i, depicted
in the middle row, the beam appears stationary.
This is due to the fact that the beam is naturally
dragged into the gain region, and we have chosen
the initial momentum such that it exactly coun-
terbalances this dragging force for B = i. Note
that it is only possible to create such a stationary
solution for this particular value of the width pa-
rameter, where the initial Gaussian beam is a very
good approximation for the ground state solution
of the potential. If the beam is initially wider, as
depicted for the example B0 =
i
2 on the top, the
influence of the gain-loss potential is stronger, and
the beam starts moving to the right into the gain
region and then starts oscillating due to the influ-
ence of the real confining potential. If the beam
is wider, on the other hand, as shown for the ex-
ample B0 = 2i in the bottom panel of the figure,
the influence of the gain-loss profile is effectively
decreased. In this case, the initial momentum is
strong enough to make the beam move towards the
loss region initially, before starting to oscillate.
These effects can be understood in more detail
using the approximative potential
V =
1
2
ω2x2 + iγx, (8)
which corresponds to the Taylor expansion of the
potential (7) around the origin. In this approxima-
tion the equations of motion for q,B andN simplify
to
q¨ =− ω2q + Re(B)
Im(B)
γ,
B˙ =−B2 − ω2,
N˙ =
1
~
γqN,
(9)
and we can obtain p from p = q˙ − 1Im(B)γ. The
equation for B does no longer depend on q, and the
equation for q has the form of a forced harmonic
oscillator, where the forcing term depends on B.
Hence, the change of the shape of the wave packet
acts like a forcing term in the evolution of the cen-
tre of the packet. This is true for general systems
whenever the wave packet is in a region where the
imaginary part of the potential is approximately
linear. Once the equation for q is solved, the norm
-15 -10 -5 0 5 10 15
x
0
2
4
6
8
10
z
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0 2 4 6 8 10
z
-1.5
-1
-0.5
0
0.5
1
1.5
q
-15 -10 -5 0 5 10 15
x
0
2
4
6
8
10
z
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0 2 4 6 8 10
z
-2
-1
0
1
2
q
-15 -10 -5 0 5 10 15
x
0
10
20
30
40
50
z
0.1
0.2
0.3
0.4
0.5
0 10 20 30 40 50
z
-5
0
5
q
Figure 7: (Renormalized) beam propagation in the Gaussian
approximation in the potential (8) for parameter values as
in Figures 6 (top, B0 =
i
2
, middle: B0 = 2i) and 4 (bottom,
B0 = i). The left panel shows the renormalized beam prop-
agation, the right panel shows the mean position q(z) of this
propagation (magenta line) in comparison to the Gaussian
approximation for the exact potential (7) (blue line).
N(z) is obtained by direct integration
N(z) = N0 exp
γ
~
∫ z
0
q(s) ds . (10)
The equation for B has one stationary solution
with ImB > 0, namely B = iω, and for this choice
of B the forcing term in the equation for q vanishes
and we arrive at a harmonic oscillation with a shift
by γ in the momentum
q(z) = q0 cos(ωz) +
p0 + γ
ω
sin(ωz)
p(z) = −ωq0 sin(ωz) + (p0 + γ) cos(ωz)− γ
N(z) = N0e
γ
~ (
q0
ω sin(ωz)−
p0+γ
ω2
cos(ωz)).
(11)
This is exactly the propagation we have observed in
the top panel in Figure 5, as well as the stationary
solution in the middle panel of Figure 6. For a
general initial condition B0 with ImB0 > 0 the
solution to the equation for B is given by
B(z) = ω
B0 cos(ωz)− ω sin(ωz)
B0 sin(ωz) + ω cos(ωz)
, (12)
6
from which we obtain
Re(B(z))
Im(B(z))
=
|B0|2 − ω2
2ω ImB0
sin(2ωz)+
ReB0
ImB0
cos(2ωz),
(13)
that is, the forcing in the q equation has frequency
2ω and is small if ReB0 is small and ImB0 is close
to ω.
The evolution of the center of the wave packet is
thus given by
q(z) = a cos(ωz) + b sin(ωz)− γ
ω2
Re(B(z))
Im(B(z))
(14)
with a =
(
q0 +
γ ReB0
ω2 ImB0
)
and b =
(
p0
ω +
γ
ω3
|B0|2
ImB0
)
and ReB/ ImB given by (13). The norm and the
momentum can then be directly obtained as above.
This explains the modulations with twice the fre-
quency that can be seen on the top and bottom of
Figure 2, and in Figures 5 and 6, for B0 6= i. The
approximation (8) does not only provide a quali-
tatively but also quantitatively good description of
the propagation, as is demonstrated in Figure 7,
which depicts the propagations of the two nontriv-
ial cases in Figure 6 in the top two rows, using the
approximative potential (8). For a better compari-
son we also plot the mean values of the position in
the right column of the figure. The bottom row de-
picts the same comparison for a propagation with
a larger initial displacement from the origin, as in
the top row of Figure 4. As expected the details of
the propagation are not recovered in this case.
Let us finish with pointing out a possible appli-
cation of the dependence of the propagation on the
width of the wavepacket as a filtering device. For
short propagation distances through a region where
the potential is well described by the approximation
(8) around the center of the initial wavepacket, the
position and momentum change according to
p(z) = p0 −
(
ω2q0 − γRe(B0)
Im(B0)
)
z
q(z) = q0 +
(
p0 + γ
1
Im(B0)
)
z.
(15)
That is, for the same initial position and mo-
mentum there is an extra shift in the position q
that is linear in γ, i.e., the slope of the gain-loss
profile at q0, and quadratic in the initial width:
q(z) = q0 + p0z + 2γ(∆q)
2z. This effect could be
used to spatially separate Gaussian beams with dif-
ferent widths. If the width parameter of the beam
also has a non-vanishing real part, this leads to an
additional shift in the momentum, which translates
into the angle in optical applications. At the same
time the overall norm is only changed linearly ac-
cording to
N(z) = N0(1 + γq0z), (16)
for short propagation distances.
4 Summary and Conclusion
We have derived semiclassical equations of motion
for Gaussian beams propagating in waveguides in
the paraxial approximation in the presence of gain
and loss. In the absence of losses this leads to
Hamiltonian motion of the center with a time de-
pendent width. In the presence of gain and/or
loss, however, the width of the beam influences the
central motion. We have demonstrated that this
Gaussian approximation can capture typical fea-
tures of beam propagation in gain-loss wave guides
such as power oscillations, and can accurately de-
scribe the propagation if the refractive index is well
described by its Taylor expansion up to second or-
der on length scales given by the typical widths of
the Gaussian beam. Finally we have demonstrated
how the dependence on the width could be used as
a filtering device.
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